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ABSTRACT
We consider a Markovian single-server retrial queueing sys-
tem. Customers in orbit retry after an exponentially dis-
tributed amount of time, the retrial rate depending on the
number of times the customer has retried before. Moreover,
the number of retrials by a single customer is bounded by
K, customers abandoning after the kth retrial with prob-
ability pk. As this queueing system is not amenable for
exact analysis, we focus on its performance in light traffic.
In particular, we describe a fast algorithm for calculating
the terms in the Maclaurin series expansion of various per-
formance measures, the arrival rate being the independent
parameter of the expansion. We illustrate our approach by
various numerical examples and verify the accuracy of the
light traffic approximation by means of simulation.
1. INTRODUCTION
In a retrial queue, customers that cannot receive service
immediately upon arrival join a virtual waiting room called
orbit and retry getting service after some random time. As
the total retrial rate depends on the number of customers
in orbit, the underlying Markov chain of a retrial queue is
not homogeneous. As a result, the analysis of retrial queues
is often more difficult than similar models without retrials
where customers wait in a queue at the server [1].
Retrial queueing models arise in various service systems
such as call centers [8, 9] and telecommunication systems
such as cellular networks [7] and local area networks [3]. In
conventional retrial queueing models, all retrial customers
behave the same meaning that all blocked customers join
the same orbit regardless of their number of retrials so far.
In other words, the retrial intervals of customers are inde-
pendent and identically distributed. This assumption signif-
icantly simplifies the problem as one only needs to track the
number of retrying customers and the state of the servers.
In local area networks [3], a channel is shared by mul-
tiple terminals. If a terminal finds the channel busy, it
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will retransmit its packet at a later time. In particular,
in CSMA/CD (carrier sense multiple access with collision
detection) systems, after being blocked a first time, the
node will retransmit its packet after a random time, uni-
formly distributed in [0, a] where a is some positive number.
If upon retrying its packet is blocked again, the terminal
node retransmits after a random time, again uniformly dis-
tributed, but in a wider range [0, 2a]. The retrial interval
after being denied access twice will be uniformly distributed
in [0, 4a] and so on. Thus, the retrial behaviour of a packet
depends on how many times it has been blocked. Motivated
by this phenomenon, this paper investigates a retrial queue-
ing model for CSMA/CD-like systems with multiple orbits,
each orbit including customers with a specific number of
retrials. Furthermore, if the number of retrials exceeds a
threshold, we assume that the packet is lost.
Some contributions in literature relate to the model at
hand. Shin and Moon [6, 5] consider a similar multiserver
retrial queue with Poisson arrivals. Customers that are
blocked for the first time either abandon the system or join
the first orbit. If a retrial customer from the first orbit is
blocked again it either abandons the system or joins the
second orbit and so on. The number of retrials of a cus-
tomer is also limited to m. The authors propose two iter-
ative approximation methods for the model. Such iterative
approximation methods are also applied to some specific re-
trial queueing networks [2]. The main idea is to decompose
a complex model into several simpler sub-systems with un-
known parameters and assume that these subsystems are in-
dependent. Furthermore, the inputs of one sub-system are
computed from the outputs of other subsystems. Iteratively
solving these subsystem one can get a convergence yielding
the approximation to unknown parameters. One drawback
of this method is that convergence is not rigorously proved.
Motivated by CSMA/CD-like systems, this paper focuses
on a retrial queue with limited heterogeneous retrials like
in [6, 5], but we assume arrivals come from a finite popu-
lation. In contrast to previous work which investigates de-
composition methods, we here consider the light-traffic ap-
proximation. Our method is a computational and allows for
calculating the terms in the (light-traffic) series expansion
efficiently. In light-traffic, the method can approximate the
exact distribution with high accuracy at low computational
complexity, the computational complexity of calculating the
T th term in the series expansion being O(min(T,N)K) with
N the population size and K the maximum number of re-
trials.
The rest of our paper is organised as follows. Section 2
introduces the model and its notation in detail. Section 3 is
then devoted to the light traffic analysis. Numerical results
are presented in Section 4 while conclusions are drawn in
Section 5.
2. MODEL
We consider a single server retrial queue without buffer.
There is a finite number N of customers, each customer ar-
riving at the system in accordance with a Poisson process
with rate λ. Customers are served immediately if the server
is available on arrival, the consecutive service times consti-
tuting a sequence of independent exponentially distributed
random variables with common rate µ.
If the server is busy upon arrival of a customer, the cus-
tomer joins the orbit and retries after some time. If the
customer finds the server free when he retries, he is served
immediately. If not, the customer enters the orbit again with
some probability or leaves the system. Customers retry at
most K times and leave the system for sure if they find the
server occupied when they retry the Kth time. The time be-
tween retrials is exponentially distributed with rate γk for a
customer that already retried k times, k = 0, . . . ,K − 1. In
other words, 1/γk−1 is the mean time between the k − 1st
and kth retrial time (assuming that the customer retries k
times). Moreover, the probability that a customer leaves
after unsuccessfully retrying also depends on the number of
retrials so far. Let hk be the abandonment probability of a
customer after k+1 retrials, k = 0, . . . ,K−1, with hK−1 = 1
as the customer abandons for sure after K retrials.
Finally, we introduce some notation for further use. In the
remainder, e is a vector of ones of size K, and ek is a vector
of zeroes of size K, apart from the kth element which is 1.
For a vector, x, | · | denotes the L1 norm, |x| = ∑K−1k=0 xk.
3. LIGHT TRAFFIC ANALYSIS
As the customer retrial rate and the abandonment prob-
abilities depend on the number of retrials so far, let Xk(t)
be the number of customers in orbit at time t that have
retried k times and let X(t) be the vector with elements
Xk(t), k = 0, . . . ,K − 1. Moreover, let S(t) ∈ {0, 1} be
the number of customers in service at time t. In view of
the modelling assumptions, it is easily verified that the pro-
cess {(X(t), S(t)), t ∈ R} constitutes a Markov process with
state space
S = {(x, 0) ∈ NK , |x| ≤ N} ∪ {(x, 1) ∈ NK , |x| < N} ,
= Si × {0} ∪ Sa × {1} ,
with Si = {x ∈ NK , |x| ≤ N} and Sa = {x ∈ NK , |x| <
N}. The definition of the state space above accounts for the
observation that at most N − 1 customers can be in orbit
when a customer is being served.
For X(t) = x = [x0, x1, . . . , xK−1] and S(t) = 1, we have
the following transition rates:
• The customer in service departs with rate µ. The depar-
ture only changes the state of the server, the new system
state being (x, 0).
• As each customer arrives in accordance with a Poisson
process, a customer arrives with rate λ(N − |x| − 1). As
the server is busy, this customer joins the orbit, the new
state being (x+ e0, 1).
• Customers that have retried k < K− 1 times, retry again
without abandoning with rate γkxk(1−hk). As the server
is not available, the new state is (x− ek + ek+1, 1).
• Customers that have retried k < K times, retry again
with abandoning with rate γkxkhk. As the server is not
available, the new state is (x− ek, 1).
For X(t) = x = [x0, x1, . . . , xK−1] and S(t) = 0, we have
the following transition rates:
• As each customer arrives in accordance with a Poisson
process, new customers arrive with rate λ(N − |x|). As
the server is idle, the customer starts service, the new
state being (x, 1).
• Customers that have retried k < K times, retry again
with rate γkxk. As the server is available, the new state
is (x− ek, 1).
With the summary of the state transitions above, we now
introduce the balance equations. Let pii(x) and pia(x) denote
the steady state probabilities to have x customers in orbit
when the server is idle and active for x ∈ Si and x ∈ Sa.
The balance equations then read,
pii(x)
(
K−1∑
k=0
xkγk + (N − |x|)λ
)
= pia(x)µ
for x ∈ Si and,
pia(x)
(
K−1∑
k=0
xkγk + (N − |x| − 1)λ+ µ
)
=
pii(x)λ(N − |x|) + pia(x− e0)λ(N − |x|)
+
K−1∑
k=0
pii(x+ ek)γk(xk + 1) +
K−2∑
k=0
pia(x+ ek)γk(xk + 1)hk
+
K−2∑
k=0
pia(x+ ek − ek+1)γk(xk + 1)(1− hk)
+ pia(x+ eK−1)γK−1(xK−1 + 1)
for x ∈ Sa with the normalisation condition,∑
x∈Sa
pia(x) +
∑
x∈Si
pii(x) = 1 .
For small K and N , the balance equations can be easily
solved. However, even for moderate K and N , a direct com-
putation of the stationary probabilities is computationally
demanding, the size of the state space being approximately
2(N +K)K/K!. For example for N = 100 and K = 3, there
are nearly 350000 states.
Therefore, we study the system at hand in light-traffic.
To this end, we introduce the Taylor series expansions of
the stationary probabilities around λ = 0,
pia(x) =
∞∑
n=0
pi(n)a (x)λ
n , pii(x) =
∞∑
n=0
pi
(n)
i (x)λ
n ,
for x ∈ Sa and x ∈ Si respectively. Before proceeding, we
note that in the present setting it is easily verified (for ex-
ample by applying Cramer’s rule on the set of balance equa-
tions) that the stationary probabilities are rational functions
of λ. As there is no singularity in λ = 0, we conclude that
the stationary probabilities are analytic functions in a region
around λ = 0 and the series expansion is justified.
Plugging the series expansions above in the balance equa-
tions and comparing terms in λn yields,
pi
(n)
i (x)
K−1∑
k=0
xkγk + pi
(n−1)
i (x)(N − |x|) = pi(n)a (x)µ (1)
pi(n)a (x)
(
K−1∑
k=0
xkγk + µ
)
= −pi(n−1)a (x)(N − |x| − 1)
+ pi
(n−1)
i (x)(N − |x|) + pi(n−1)a (x− e0)(N − |x|)
+
K−1∑
k=0
pi
(n)
i (x+ek)γk(xk+1)+
K−2∑
k=0
pi(n)a (x+ek)γk(xk+1)hk
+
K−2∑
k=0
pi(n)a (x+ ek − ek+1)γk(xk + 1)(1− hk)
+ pi(n)a (x+ eK−1)γK−1(xK−1 + 1) (2)
We can now recursively calculate all terms in the series
expansion. For n = 0 we have,
pi
(0)
i (x)
K−1∑
k=0
xkγk = pi
(0)
a (x)µ , (3)
pi(0)a (x)
(
K−1∑
k=0
xkγk + µ
)
=
K−1∑
k=0
pi
(0)
i (x+ ek)γk(xk + 1)
+
K−2∑
k=0
pi(0)a (x+ ek)γk(xk + 1)hk
+
K−2∑
k=0
pi(0)a (x+ ek − ek+1)γk(xk + 1)(1− hk)
+ pi(0)a (x+ eK−1)γK−1(xK−1 + 1) . (4)
Plugging in any x with |x| = N in (3) shows pi(0)i (x) = 0.
Iterating over Si \ {0} in reverse lexicographical order then
further yields pi
(0)
a (x) = pi
(0)
i (x) = 0 for x ∈ Si \ {0}. More-
over, evaluating (4) in x = 0 shows pi
(0)
a (0) = 0. Finally, we
invoke the normalisation condition,∑
x∈S
pi
(0)
i (x) + pi
(0)
a (x) = 1 ,
to determine the unknown probability pi
(0)
i (0) = 1.
To determine the higher order terms, we solve (1) and (2)
for pi
(n)
a (x) and pi
(n)
i (x), respectively. We have,
pi(n)a (x) =
(
K−1∑
k=0
xkγk + µ
)−1 (
− pi(n−1)a (x)(N − |x| − 1)
+ pi
(n−1)
i (x)(N − |x|) + pi(n−1)a (x− e0)(N − |x|)
+
K−1∑
k=0
pi
(n)
i (x+ek)γk(xk+1)+
K−2∑
k=0
pi(n)a (x+ek)γk(xk+1)hk
+
K−2∑
k=0
pi(n)a (x+ ek − ek+1)γk(xk + 1)(1− hk)
+ pi(n)a (x+ eK−1)γK−1(xK−1 + 1)
)
for x ∈ Sa and,
pi
(n)
i (x) =
(
K−1∑
k=0
xkγk
)−1 (
pi(n)a (x)µ− pi(n−1)i (x)(N − |x|)
)
,
for x ∈ Si. Close inspection of these expression reveals that
the right-hand side contains lower order terms of pia and pia
as well as terms of the same order, but for states which are
lexicographically larger than x. This implies that we can
calculate the probabilities above in reverse lexicographical
order for all x ∈ Si \ {0}. The expressions also allow to
calculate pi
(n)
a (0). Finally, by the normalisation condition,∑
x∈Si
pi
(n)
i (x) +
∑
x∈Sa
pi(n)a (x) = 0 ,
one calculates pi
(n)
i (0) as follows for n > 0,
pi(n)a (x) = −
∑
x∈Si
pi
(n)
i (x)−
∑
x∈Sa\{0}
pi(n)a (x) .
The expressions above allow for determining the terms in
the series expansions of pii(x) and pia(x). We can now calcu-
late various performance measures of interest. For example,
the mth order expansion of the kth order moment of the
number of customers in orbit is,
E[|X|k] =
m∑
n=0
∑
x∈Si
|x|kpi(n)i (x) +
∑
x∈Sa
|x|kpi(n)a (x)
λn
+O(λm) .
Remark 1. The numerical complexity of the former cal-
culations is O(NKT ) where T is the number of terms. How-
ever, inspection of the recursion shows that the T th terms
in the series expansion of the stationary probabilities pia(x)
and pia(x) are zero for |x| > T . This observation is in line
with the so-called T -events rule which says that in order to
calculate the T th term in the expansion, one only needs to
consider sample paths with at most T perturbations. By this
observation, the computational complexity further reduces
to O(min(T,N)KT ).
4. NUMERICAL RESULTS
To assess the accuracy of the light traffic approximations
discussed above, we now consider some numerical examples.
Figure 1 shows the mean content versus the product of the
arrival rate and the number of customers for approximations
of order T = 3, T = 10 and T = 30 and for N = 10,
N = 100 and N = 1000 as indicated. All examples assume
the following parameters: (i) Customers retry at mostK = 3
times; (ii) The retrial rates are γ0 = 0.5, γ1 = 0.25, γ2 =
0.125, which corresponds to mean retrial times of 2, 4 and
8; and (iii) A customer leaves after retrying with probability
p0 = p1 = 0.1.
Each plot of figure 1 shows the T th order approximation of
the mean number of customers in orbit for µ = 0.5 (higher
solid curve) and µ = 1.0 (lower solid curve). In addition,
we have simulated the queueing system for assessing the
accuracy, the dashed lines showing the simulation results.
The figure shows that our approximations are accurate
for λN/µ < 0.8, especially when we consider many terms
in the series expansion. Moreover, for the 30th order ap-
proximation, we observe that our results are accurate up till
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Figure 1: T th order approximations of the mean number in orbit for various population sizes N .
a certain λmax where the approximation quickly grows un-
bounded. This suggests that λmax represents the radius of
convergence of the series expansion. Higher order results not
shown here, show that λmax is approximately equal to λN/µ.
This value is the maximum load the retrial queueing system
would be able to serve, if the population was unbounded.
Hence, it is not entirely unsurprising that the light-traffic
approximation reaches its boundary: one cannot expect to
assess an overloaded queue from its behaviour in light traffic.
Finally, one observes that for N sufficiently large, the pop-
ulation size hardly affects performance (assuming that the
arrival rates are scaled with N). Indeed, it is not easy to see
the difference between the plots for N = 100 and N = 1000.
5. CONCLUDING REMARKS
We presented the light traffic approximation for a retrial
queue arising in the context of CSMA/CD. Our analysis
yields accurate results at small computational complexity.
In future work, we will adapt the decomposition method to
the model under study and compare both approximations.
In addition, we foresee that the light-traffic approximation
can also be complemented with a fluid approximation to
cover a wider area of the parameter space.
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